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Abstract
The quasinormal resonance frequency of the higher-dimensional Reissner–Nordstro¨m (RN) black hole due to charged massive
scalar field perturbation is deduced analytically in the eikonal regime. The characteristic decay timescale of the charged massive
scalar perturbation in the background of the higher-dimensional RN spacetime is then obtained. The result reveals that longlived
charged massive scalar field can exist in higher-dimensional RN spacetime under a certain condition.
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1. Introduction
The dynamics of the perturbation field in a spherically
symmetric background spacetime is typically governed by a
Schro¨dinger-like equation together with proper boundary con-
ditons at the horizon and the spatial infinity [1]. The quasi-
normal modes (QNMs), which is described as oscillations of
the form e−iωt, where ω is the quasinormal frequency, can be
viewed as slowly decaying [2, 3] or highly damped [4, 5, 6]
waves travelling around the black hole. In fact, the quasinor-
mal mode is nothing but the eigenvalue solution of the differen-
tial perturbation equation [7]; in other words, the quasinormal
mode can also be viewed as the Green’s function solution of the
inhomogeneous wave equations [8, 9, 10]. The investigations
on the QNM has a 60-year long history, including the QNM’s
application on the recent discussions of Penrose strong cosmic
censorship conjecture [11, 12, 13].
The uniqueness theorem states that stationary black hole so-
lutions originated from the Einstein’s gravitational field equa-
tion can correspond to three conserved charges (mass, charge,
and angular momentum) at most [14, 15, 16, 17]. Motivated by
the uniqueness theorem, it is stated that static matter field can-
not be hold by the asymptotically flat black hole in Einstein’s
theory of gravitation by Wheeler’s no-hair conjecture [18] and
the dynamic purturbation around a static black hole will finally
go to be vanished [19, 20, 21]; in particular, the scalar [22],
massive vector [23], and spinor [24] will be absorbed by the
black hole or be scattered away from the black hole.
The Wheeler’s no-hair conjecture, which holds except for
hairy black hole [25, 26, 27], however, gives no implica-
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tions of the decaying timescale that the black hole takes to
absorb or scatter the purturbations. To this point, it has
been analytically verified that the charged massive scalar field
can be longlived (though vanished finally) outside the four-
dimensional Reissner–Nordstro¨m (RN) black hole, as the relax-
ation time will be infinity under a certain condition Mµ/qQ →
1− [28], where M(µ),Q(q) are respectively the mass and charge
of the black hole (scalar field). Others researches about this
topic can be seen in [29, 30, 31, 32, 33, 34, 35, 36, 37, 38].
The researches of the perturbation and decay of fields around
the higher-dimensional black hole have attracted tremendous
interests [39, 40, 41, 42, 43, 44]. In this paper, we will
extend the investigation in [28] to the case of the higher-
dimensional RN black hole. In Sec. 2, we will show the dy-
namic equation describing the scalar perturbation outside the
higher-dimensional RN black hole. In Sec. 3, we will calcu-
late the quasinormal resonance spectrum of the charged mas-
sive scalar perturbation. Lastly, the Sec. 4 will be devoted to
our remarks.
2. The equation of the charged massive scalar perturbation
The metric of a d-dimensional RN black hole can be ex-
pressed as
ds2 = − f (r)dt2 + dr
2
f (r)
+ r2dΩ2d−2, (1)
where
f (r) = 1 − 16piMr
3−d
(d − 2) +
32pi2Q2r−2(d−3)(
d2 − 5d + 6) 2 , (2)
with  = 2pi
d−1
2 /Γ ((d − 1)/2) the volume of the (d − 2)-sphere,
M,Q are the mass and charge of the black hole, respectively.
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The electromagnetic field F and gauge potential A are
F = (dA)ab, Aa =
4piQr3−d
(3 − d) dt. (3)
The Klein-Gordon wave equation describing the dynamics of a
scalar field Ψ(t, r,Θ) with charge q and mass µ can be written
as
[(Oν − iqAν)(Oν − iqAν) − µ2]Ψ(t, r,Θ) = 0. (4)
Substituting the field decomposition
Ψ(t, r,Θ) =
∫ ∑
lm
e−iωt
Rlm(r, ω)
r
d−2
2
Ylm(θ) (5)
into the Klein-Gordon equation, one can obtain differential
equations of Rlm(r, ω) and Ylm(θ), which respectively reflect the
radial and angular dynamics of the charged massive scalar field.
After letting the two eigenfunctions share the same eigenvalue
Kl = l(d+ l−3),where l is the spherical harmonic index, we can
write the radial function as
f (r)2R′′(r) + f ′(r) f (r)R′(r) + UR(r) = 0, (6)
where
f ′(r) ≡ d f (r)
dr
,R′(r) ≡ dR(r)
dr
,R′′(r) ≡ d
2R(r)
d2r
(7)
and
U =
(
ω − 4piqQr
3−d
(d − 3)
)2
− (d − 4)(d − 2) f (r)
2
4r2
−
f (r)
[
(d − 2)r f ′(r) + 2
(
Kl + µ2r2
)]
2r2
.
(8)
As long as we define the tortoise coordinate y by the differ-
ential relation
dy =
dr
f (r)
, (9)
the radial equation (6) can be transformed into a Schro¨dinger-
like ordinary differential equation
d2R
dy2
+ VR = 0, (10)
where the effective radial potential V can be written as
V =
(
ω − 4piqQr
3−d
(d − 3)
)2
− f (r)H(r), (11)
with
H(r) = µ2 +
Kl
r2
+
d2 − 6d + 8
4r2
+
4pi(d − 2)M
rd−1
− 8pi
2(3d − 8)Q2
(d − 3)2r2d−4 .
(12)
To solve (10) and obtain the quasinormal resonant frequency
characterizing the relaxation dynamics of the charged massive
scalar field, we should impose physically appropriate boundary
conditions on the behaviours of the wave function. Specifically,
there must be purely ingoing wave at the horizon of the black
hole and purely outgoing wave at the spatial infinity [45, 46],
i.e.,
R v
 e
−i
(
ω− 4piqQr3−d(d−3)
)
y
, r → r+ (y→ −∞);
y−i
4piqQ
(d−3) ei
√
ω2−µ2y, r → ∞ (y→ ∞).
(13)
With the boudary condition (13), we can determine the quasi-
normal resonance spectrum {ωn(M,Q, µ, q, l)}n=∞n=0 characteriz-
ing the dynamics of the charged massive scalar field around the
d-dimensional RN black hole.
3. The quasinormal resonance spectrum of the charged
massive scalar perturbation
The horizon of a d-dimensional RN black hole is
r+ =(8pi)
1
d−3 (d − 3) 12(3−d)
×
 √2 √(2(d − 3)M2 − (d − 2)Q2) + 2√d − 3MQ2

1
3−d
,
(14)
which implies that
M2 >
d − 2
2(d − 3)Q
2, (15)
and
r+ > (8pi)
1
d−3
[
M
(d − 2)
] 1
d−3
. (16)
Then, in the eikonal large-mass regime
µ
(
8pi
(d − 2)M
) 1
d−3
 d + l − 3, (17)
we can know that
H(r) = µ2(1 +
Kl
µ2r2
+
d2 − 6d + 8
4µ2r2
)
+ µ2(
4pi(d − 2)M
µ2rd−1
− 8pi
2(3d − 8)Q2
µ2(d − 3)2r2d−4 )
∼ µ2.
(18)
We have shown the specific reason of this approximation in Ap-
pendix A.
Then the radial potential (11) can be approximately written
as
V(r) =
[
ω − 4piqQr
3−d
(d − 3)
]2
− f (r)µ2 · {1 + O[(µM 1d−3 )−2]}. (19)
The radial potential can be viewed as an effective potential bar-
rier, with its maximum value locating at r0 which can be ob-
tained as
r0 =
 (d − 3)
[
(d − 2)qQω − 2(d − 3)µ2M
]
4piQ2
[
(d − 2)q2 − 2(d − 3)µ2]

1
3−d
(20)
by the derivative of the coordinate r.
2
In the eikonal large-mass regime (17), using the method
of WKB approximation, we can try to find the fundamental
complex resonances determined by the Schro¨dinger-like equa-
tion (10) and the effective radial potential (11) which is ap-
proximated to (19). We can obtain the quasinormal frequency
through the WKB resonance condition [40, 47, 48]
V0√
2V (2)0
= −i
(
n +
1
2
)
(21)
in the eikonal regime, where V0 is the effective radial poten-
tial (19) in the large-mass regime, and V (k)0 ≡ dkV/dyk (k is a
positive integer). Both V0 and V
(k)
0 are evaluated at the extreme
point r0.
Specifically, the WKB resonance condition (21) charateriz-
ing the quasinormal frequency of the massve scalar field around
the RN black hole can be expressed as[
ω − 4piqQr3−d0(d−3)
]2
− µ2 f (r0)
4
√
pi f (r0)
√
(d−3)r1−d0 [(d−2)qQω−2(d−3)µ2M]
(d−2)
= −i(n + 1
2
), (22)
which cannot be directly solved analytically. However, we can
decouple the real partωR and the imaginary partωI of the quasi-
normal frequency ω in the regime
ωR  ωI . (23)
For the real part of the WKB resonance condition, we can find
the restriction equation asωR − 4piqQr3−d0(d − 3)
2 − µ2 f (r0) = 0. (24)
Then the real part of the quasinormal frequency can be solved
as
ωR =
Mq
Q
−
√
2(d − 3)M2 − (d − 2)Q2
2
(
d2 − 5d + 6)Q2 ×
√
(d − 2)q2 − 2(d − 3)µ2.
(25)
Meanwhile, from the resonance equation (22), we can also get
2ωI
ωR − 4piqQr3−d0(d − 3)
 = −4√pi (n + 12
)
f (r0)
×
√
(d − 3)r1−d0
[
(d − 2)qQωR − 2(d − 3)µ2M]
(d − 2) ,
(26)
from which it is not difficult to obtain the image part of the
quasinormal resonance frequency as
ωI = −
2
√
pi f (r0)
(
n + 12
)
ωR − 4piqQr
3−d
0
(d−3)
×
√
(d − 3)r1−d0
[
(d − 2)qQωR − 2(d − 3)µ2M]
(d − 2) .
(27)
Defining
Q¯ ≡
√
d − 2√
2(d − 3)
Q
M
, µ¯ ≡
√
2(d − 3)√
d − 2
µ
q
, (28)
we can respectively express the real part and the image part of
the quasinormal renonace frequency as
ωR =
q − q
√(
1 − µ¯2) (1 − Q¯2)√
2 − 2d−2 Q¯
(29)
and
ωI = ωI(µ¯, Q¯). (30)
We have shown concrete expressions of ωI in Appendix B. It
should be noticed that when d = 4, our result is in consistent
with that in [28].
4. Remarks
In this paper, we have analytically deduced the quasinormal
resonance frequencies of the charged scalar field around the
higher-dimensional RN black holes in the eikonal regimes (17).
The quasinormal resonance mode can be written as
ω =
q − q
√(
1 − µ¯2) (1 − Q¯2)√
2 − 2d−2 Q¯
− iωI(µ¯, Q¯), (31)
where the concrete expressions of ωI(µ¯, Q¯) has been shown in
Appendix B.
Based on the quasinormal resonance frequencies (31) we
have obtained, we can determine the characteristic timescale
τrelax associated with the linear relaxation dynamics of
the charged scalar field in the background of the higher-
dimensional RN spacetime, as
τrelax =
1
ωI0
, (32)
where ωI0 is the image part of the fundamental quasinormal
frequency (n = 0). As shown in the Fig. 1, the image parts of
the quasinormal frequencies approach to zero when µ¯/Q¯ → 1−
for all spacetime dimensions. As a result, we can conclude that
τrelax → ∞, for 2(d − 3)µM(d − 2)qQ → 1
−, (33)
which implies nothing else but the charged massive scalar fields
can exist outside the higher-dimensional RN black holes for a
rather long relaxation time, though exponentially decay and fi-
nally elapse.
As shown above in (31), we have successfully derived the
real and image parts of the quasinormal resonance frequency
for the charged massive scalar field in the background of higher-
dimensional RN spacetime. However, one should note that our
analytical results are based on not only the conditions (17), (23),
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Figure 1: The image part of the quasinormal resonance frequency for Q¯ =
0.9, q = 0.1,M = 1, n = 0.
but also higher order corrected terms in (21) having been ne-
glected. The higher order terms including up to fourth-order
derivatives are [1, 28]
Λ(n) =
1√
2V (2)0
1 + (2n + 1)232 · V
(4)
0
V (2)0
−28 + 60(2n + 1)
2
1152
·
V (3)0
V (2)0
2
 .
(34)
The WKB approximation (21) is valid on the condition that
Λ(n)
n + 12
 1. (35)
By tedious calculation, we find that the condition
qQ
√
2(d − 3) − (d − 2)µ¯2  n + 1
2
, (36)
should be fulfilled to make our WKB approximation (21) valid.
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Appendix A. The eikonal large-mass regime
The mass of the d-dimensional RN black hole can be ex-
pressed as
r+ =
(
4pi

) 1
d−3
 2Md − 2 +
√
4M2
(d − 2)2 −
2Q2
d2 − 5d + 6

1
d−3
, (A.1)
then we can know
r+ >
[
8piM
(d − 2)
] 1
d−3
, (A.2)
and
M2 > (d − 2)Q
2
2(d − 3) . (A.3)
So we have
Kl
µ2r2
<
l(d + l − 3)(
µ
(
8piM
(d−2)
) 1
d−3
)2 ∼ 0+, (A.4)
d2 − 6d + 8
4µ2r2
<
d2 − 6d + 8(
µ
(
8piM
(d−2)
) 1
d−3
)2 ∼ 0+, (A.5)
4pi(d − 2)M
µ2rd−1
<
(d − 2)2
2µ2r2
<
(d − 2)2
2
1(
µ
(
8piM
(d−2)
) 1
d−3
)2 ∼ 0+,
(A.6)
8pi2(3d − 8)Q2
µ2(d − 3)2r2d−4 <
(3d − 8)(d − 2)
4µ2r2
<
(3d − 8)(d − 2)
4
(
µ
(
8piM
(d−2)
) 1
d−3
)2 ∼ 0+,
(A.7)
in the eikonal large-mass regime
µ
(
8pi
(d − 2)M
) 1
d−3
 d + l − 3. (A.8)
Appendix B. Several expressions of the image parts of the
quasinormal frequencies
As instances, we here show some detailed expressions of the
image part of the quasinormal frequencies. For d = 4,
ωI = −
(2n + 1)
(
Q¯2 − 1
) √ (1−µ¯2+√(1−µ¯2)(1−Q¯2))4
(1−µ¯2)3
2MQ¯4
√(
1 − µ¯2) (1 − Q¯2) . (B.1)
For d = 5,
ωI = −
√
3pi
(
n + 12
) √
1 − Q¯2
√
MQ¯3
×
√√√ (Q¯2 − µ¯2)3(
1 − µ¯2) (4 − µ¯2 − 3Q¯2)C5 ,
(B.2)
where
C5 =
(
1 − µ¯2
)
+
√(
1 − µ¯2) (1 − Q¯2). (B.3)
For d = 6,
ωI = −
32/3 3
√
pi
2 (2n + 1)
(
1 − Q¯2
)
Q¯2
√(
1 − µ¯2) (1 − Q¯2) ×
√C61C62, (B.4)
4
where
C61 =
 Q¯
2 − µ¯2
MQ¯2
(
−µ¯2 +
√(
1 − µ¯2) (1 − Q¯2) + 1)

2/3
, (B.5)
C62 =
(
Q¯2 − µ¯2
)2
−µ¯2 + 2
√(
1 − µ¯2) (1 − Q¯2) − Q¯2 + 2 . (B.6)
For d=7,
ωI = −
4
√
10
√
pi(2n + 1)
(
1 − Q¯2
)
Q¯5/2
√(
1 − µ¯2) (1 − Q¯2) ×
√C71C72, (B.7)
where
C71 =
√√ Q¯2 − µ¯2
M
(
−µ¯2 +
√(
1 − µ¯2) (1 − Q¯2) + 1) , (B.8)
C72 =
(
Q¯2 − µ¯2
)2
−µ¯2 + 2
√(
1 − µ¯2) (1 − Q¯2) − Q¯2 + 2 . (B.9)
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